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Plenary lectures

Minimal and Maximal Surfaces:
A Comparative Geometric Perspective

LJILJANA PRIMORAC GAJCIC
J. J. Strossmayer University of Osijek, School of Applied Mathematics and Informatics, Osijek, Croatia

e-mail: ljiljana.primorac@mathos.hr

Minimal surfaces in Euclidean space and maximal surfaces in Lorentz—Minkowski
space are among the most extensively studied objects in differential geometry. Both
classes are characterized by vanishing mean curvature and arise naturally as critical
points of variational problems. Despite these similarities, the different metric
structures of the ambient spaces lead to substantial differences in their geometric
behavior, giving rise to phenomena that are unique to the Lorentzian setting.

This lecture presents a comparative overview of minimal and maximal surfaces with
an emphasis on the influence of the causal character of curves on the geometry of
the associated surfaces. Special attention is devoted to maximal surfaces associated
with null curves, including null scrolls, which provide a rich source of examples in
Lorentz—Minkowski geometry.

Key words: minimal surfaces, maximal surfaces, Lorentz—Minkowski space, null
scrolls

MSC 2020: 53A10, 53B30, 53A35

References

[1] FiLipaN, 1., MILIN S1pUS, Z., PRIMORAC GAJCIC, Li., Null-Translation Surfaces with
Constant Curvatures in Lorentz—Minkowski 3-Space, Rad Hrvat. Akad. Znan. Umgjet.
Mat. Znan. 27(555) (2023), 219-230.

[2] FiLipaN, I., MILIN S1pu§, Z., PRIMORAC GAJCIC, Li., Cycloidal maximal surfaces in
the 3-dimensional Lorentz-Minkowski space, Filomat 40(1) (2026), 251-268.

[3] LOPEZ, R., KAYA, S., On the duality between rotational minimal surfaces and maximal
surfaces,, J. Math. Anal. Appl. 458(1) (2017), 345-360.

[4] MiLIN S1pUS, Z., PRIMORAC GAJCIC, Li., PROTRKA, I., Null Scrolls with Prescribed
Curvatures in Lorentz—Minkowski 3-Space, An. St. Univ. Ovidius Constanta 28(3)
(2020), 229-240.

[5] OSSERMAN, R., A Survey of Minimal Surfaces, Dover Publications, New York, 1986.



Abstracts — 6th Croatian Conference on Geometry and Graphics
- Baska, 6-10 September 2026

Classical Notions and Problems in Thurston Geometries of
non-Constant Curvatures

JENG SZIRMAT
Budapest University of Technology and Economics, Institute of Mathematics, Budapest, Hungary

e-mail: szirmai@math.bme.hu

One way to understanding the internal structure of geometries is through the ele-
mentary notions and theorems of the space under study. Thus, understanding the
structure of Thurston geometries i.e. homogeneous, complete, simply connected
Riemann ones (see [1]), can also provide important information.

In the study of the internal structures of Thurston spaces, it is worth distinguish-
ing two significantly different directions related to either the translation distance or
the geodesic distance. d9 is the usual geodesic distance function, and d* is the trans-
lation distance function. Thus we obtain two types of curves, triangles, bisector
surfaces (and two types of the corresponding Dirichlet-Voronoi cells) etc. by the two
different distance functions.

In this talk, we will look for those classical concepts and theorems that can be
defined or fulfilled in Thurston geometry in some form, related to both distance
concepts. This will help us better understand the structure of each geometry and
find similarities and differences.

In the presentation we will address the following questions:

1. Concepts and properties of the translation and geodesic triangles (see [6], [1]).
In each Thurston space we have already examined the possible internal angle
sums of the geodesic and translational triangles and their surfaces.

2. A second important direction is the study of Apollonius surfaces (see [5], [4])
and their special cases the bisector surfaces. These surfaces have an important
role in connection to Dirichlet-Voronoi cells. D-V-cells are relevant for tilings,
ball packings and coverings and thus for crystallography because it cannot be
ruled out that under certain extreme conditions, materials “crystallize” under
conditions other than Fuclidean ones.

3. The Euclidean Ceva’s and Menelaus’ theorems (see [4]) are well known, and
these can be extended to geometries with constant curvature. Extension to
further Thurston geometries is possible by generalizing the concept of simple
relation. In these geometries, the extension of the geometry-dependent simple
ratio plays an important role and indicates its importance. Here the simple
ratio can be described by various functions within the considered geometry
through its projective embedding.
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4. Pappus’s hexagon and Desargues’s theorem play a very important role in the

axiomatic structure of projective geometry. We will examine the role of these
theorems in the case of Thurston geometries with non-constant curvature. Here
we only mention the Nil geometry, in whose projective model the geodesic
curves are helix-like and fit onto geodesic Nil cylinders of revolution with
fibrum axes. We investigate relations for geodesic cylinders and thus also
geodesic curves, which lead to a result similar to Pappus’ hexagon theorem.

Among the classic questions, packings and covering questions cannot be miss-
ing, which are also related to material structure problems. Here, in addition
to ball packings and coverings, packing and coverings with cylinders (see [7],
[6], [3]) are also reviewed.

We only review a few questions here, but these investigations raise many

additional problems, the solution of which will provide insight into the structure of
Thurton geometries and new knowledge about the relationships between constant
curvature geometries and other Thurston geometries.

Key words: Thurston geometries; geodesic curves, translation curves, geodesic
and translation triangles; spheres, cylinders; sphere packings and coverings, lattices

MSC 2020: 53A20, 53A35, 52C17, 52C22, 52B15, 57M12, 57TM25, 52C35, 53B20
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From Roots to Imaging Imaginary

MICHAL ZAMBOJ
Charles University, Faculty of Education, Prague, Czech Republic

e-mail: michal.zamboj@pedf.cuni.cz

If there is one mathematical story that has been retold countless times, yet never
often enough, it is the story of complex numbers. They represent a remarkable
abstract extension of mathematical language that has driven innumerable advances
across many fields. In this contribution, however, we focus exclusively on the devel-
opment of their graphical representations.

In searching for the historical roots of these representations, we encounter the
tension between the algebraic and geometric languages of the sixteenth century.
While algebraic methods introduced new arithmetic rules for solving cubic equa-
tions, it was the synthetic geometry of the Greeks that was called upon to support
and validate these discoveries. Fundamental steps toward uniting symbolic and vi-
sual perspectives were taken through the ingenious ideas of French mathematicians.
Of particular importance was the transition introduced by Descartes from a nu-
merical magnitude to a geometric point representing a non-real, or imaginary, root
[2]. A second major influence on our subsequent investigation within the framework
of incidence projective geometry is the concept of involution, which establishes a
correspondence between numbers and points on a line [3]. These initial ideas lead
us to a wide range of both well-known and lesser-known representations of complex
geometric points and to the relationships between them throughout history.

Special attention is devoted to Poncelet’s principle of continuity [5, 7] and
to von Staudt’s synthetic constructions of algebraic operations in projective
geometry [1, 8, 9]. We describe the general principle of constructing products of
two-dimensional numbers on models of quadrics in three-dimensional space, such as
the Riemann-Neumann sphere [6] and Griinwald’s cone [4]. This ultimately leads
to a projective classification of two-dimensional number systems according to the
incidence relation between a given quadric and a line.

Key words: imaginary elements, complex geometry, geometric visualization,
complex numbers, hypercomplex numbers

MSC 2020: 51M15, 14N05, 01A65
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Contributed talks

Generative Body Plan of a Ribbed Vault System with Irregular
Spatial Loop Morphology for Contemporary Roof Structures

DAVOR ANDRIC
University of Zagreb Faculty of Architecture, Zagreb, Croatia
e-mail: dandric@arhitekt.hr

NATASA JAKSIC
University of Zagreb Faculty of Architecture, Zagreb, Croatia
e-mail: njaksic@arhitekt.hr

Late Gothic churches are characterized by ribbed, net-vault geometry rather than
smooth ceiling surfaces. Such geometries enable the construction of rib systems
over diverse floor plans and column arrangements. Some rib systems like that in
the Church of Saint Barbara in Kutna Hora designed by Benedikt Ried [2] exhibit
spatial loops and circular vault patterns. The rib network, the centers of arches and
the underlying floor plan define the unique architectural character of these vaults.

This work, inspired by the Gothic circular vault pattern, which is both geo-
metrically distinctive and resembles natural forms, explores a simple parametric
procedure — implemented as Grasshopper definition in Rhino3D, conceived as a gen-
erative framework capable of producing contemporary, biomimetic free-form vault
structures. The aim is to retain the character of the historical template while intro-
ducing controlled geometric variation on smooth surfaces.

Using basic Voronoi-based geometry generation, a range of geometries with
different characters can be generated, ranging from crystalline configurations to
organic loop structures. This is achieved by using the points in the cell boundaries
as control points for interpolation curves and adjusting curve smoothness. The
procedure involves projecting points and curves to a reference plane and back to
curved surfaces with curve extrusion and surface offset, as well as determining
curve-region intersections to find column positions to complement the free-form
geometry of the vault. Since the forms are not given in advance, but emerge
through dynamic processes of variation, the same generative scheme, or body plan
[1], can produce multiple formal actualisations of the desired character and spatial
qualities.

Key words: parametric geometry, ribbed vaults, body plan, free-form structures,
biomimetic design
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Figure 1: One of many possible instances of the shared body-plan generative proce-
dure for a spatial loop ribbed-vault system. The geometry generation process begins
with points and curves on the ground plane and culminates in a three-dimensional
roof geometry supported by columns.

Acknowledgments. The Research was conducted as a part of the Tjelesni nacrt
nosivih konstrukcija zgrada - corpus structuralium (CorSt) project at the Univer-
sity of Zagreb, Faculty of Architecture, Croatia. The project received EU funding
through the Croatian National Recovery and Resilience Plan (NRRP) under the EU
581 Recovery and Resilience Facility (RRF).
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Artificial Intelligence and Spatial Cognition

TAMAS BALLA
Eszterhazy Karoly Catholic University, Eger, Hungary

e-mail: balla.tamas@uni-eszterhazy.hu

MikLGOS HOFFMANN
Eszterhazy Karoly Catholic University, Eger, Hungary

e-mail: hoffmann.miklos@uni-eszterhazy.hu

In this lecture, we explore the relationship between artificial intelligence and spatial
cognition. At first glance, artificial intelligence appears to have a strong under-
standing of, for example, perspective and visual scenes—it can generate striking
images and seamlessly insert objects into existing images or videos. However, be-
neath this apparent competence lie significant deficiencies in spatial cognition. The
gap between human spatial cognition and the capabilities of artificial intelligence
is far greater than the impressive results of generative AI might suggest. The cur-
rent limitations of Al in spatial cognition are not merely software shortcomings but
fundamental representational limitations.

The insertion of objects into existing images or videos is often successful because
the background already provides numerous spatial constraints: converging parallel
lines, the ground plane, shadow directions, object scale, and local textures are all
explicitly available. In such cases, the generative model does not have to solve a
complete 3D reconstruction problem from scratch. Instead, it only needs to generate
pixels or latent representations that are perceptually consistent with an already
highly constrained 2D visual field.

Recent research has shown that although Al-generated images are visually
impressive, closer inspection frequently reveals geometric inconsistencies and impos-
sible structures—similar to Escher-like impossible objects—because language-based
generative models lack an internal 3D world model.

Key words: spatial cognition, artificial intelligence, mental cutting test
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Exploring the World of Pseudo-Geodesics on the Torus

CHRISTIAN CLEMENZ
University of Applied Arts Vienna, Vienna, Austria

e-mail: christian.clemenz@uni-ak.ac.at

BoORIS ODEHNAL
University of Applied Arts Vienna, Vienna, Austria

e-mail: boris.odehnal@uni-ak.ac.at

We take an in-depth look at the pseudo-geodesic curves that arise from our numeric
construction algorithm when it is applied on the torus. In particular, we focus on
curves that seemingly close after a sufficient amount of iterations. We attempt to
classify them by finding special characteristics that can identify groups of similar or
related curves.

Additionally, we analyze the tangents found on those curves using their Pliicker
coordinates. Our goal is to determine whether these tangents form a quadratic
complex, and therefore, may also be tangent to a quadric. In that context, we
also apply our algorithm to the horn and spindle torus as their inversions on the
sphere form cylinders and cones respectively. We investigate the properties of the
pseudo-geodesics after the inversion in order to find connections to special curves
on the cylinder and cone.

Key words: pseudo-geodesic, numeric construction, quadratic complex

MSC 2020: 53-08
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Figure 1: Visualization of the tangents found on a closed pseudo-geodesic on the
ring torus.

Figure 2: A seemingly closed pseudo-geodesic on the horn torus that passes through
the singularity.
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Generalized Apollonius Circles as Equioptic Curves of Circles in
Constant Curvature Geometries

GEzA CsiMA
University of Debrecen, Faculty of Engineering, Debrecen, Hungary
Budapest University of Technology and Economics, Faculty of Natural Science, Budapest, Hungary

e-mail: csimageza@gmail.com

We extend the old definition of the Apollonius circle in such a way that it results
in the same curve in Euclidean geometry but will be more convenient in hyperbolic
and spherical geometries. We show that there exists an Apollonius circle of the
centers of two circles that coincides with their equioptic curves, as in Euclidean
geometry.

Key words: hyperbolic geometry, spherical geometry, Apollonius circle, isoptic
curves, equioptic curves

MSC 2020: 51M04, 51M09, 53A35
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A Comparison of Two Assessment Approaches for Evaluating
Problem-Solving Competencies in Higher Education

PETRA DAKOVIC
University of Zagreb Faculty of Organization and Informatics, Varazdin, Croatia

e-mail: pdakovic@foi.hr

BLAZENKA DIVJAK
University of Zagreb Faculty of Organization and Informatics, Varazdin, Croatia

e-mail: blazenka.divjak@foi.hr

Aim

The main objective of this study is to investigate the relationship between students’
performance on problem-solving tasks and their overall performance in the course,
as well as to compare the outcomes associated with the two assessment approaches.

Background

The course assessment structure was modified between two consecutive academic
years. In the first year, students were assessed through three midterm exams, a
project assignment, and continuous assessment activities. The project required stu-
dents to solve a practical problem by selecting and applying an appropriate mathe-
matical methodology and could be completed over an extended period, potentially
in teams.

In the second year, the assessment structure was redesigned. The project com-
ponent was replaced by continuous problem-solving activities conducted throughout
the semester, including problem-based exercises, quizzes, and an oral examination.
These activities were intended to assess students’ ability to apply mathematical
concepts in a more continuous and individual manner.

Planned Analyses

First, a problem-solving performance score will be defined separately for each aca-
demic year. In the first year, this score will be based primarily on the project
assignment, while in the second year it will be derived from the problem-solving
activities implemented throughout the semester, including problem-based exercises
and relevant examination components.

Correlation analyses will then be conducted separately for each academic year
to examine the association between performance on problem-solving tasks and per-
formance on other course assessments. The goal is to determine whether success in
problem-oriented activities is related to success in other forms of assessment and to
identify potential differences in these relationships across the two assessment sys-
tems.

12
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Finally, the two academic years will be compared with respect to students’
achievement in the problem-solving component. This comparison will provide in-
sight into whether students were able to obtain higher levels of achievement through
the project-based approach or through the continuous problem-solving assessment
approach implemented throughout the semester.

Expected Contribution

The study will contribute to understanding how different assessment designs
evaluate and support the development of problem-solving competencies in higher
education. In particular, it will provide evidence on whether a project-based
assessment or a continuous problem-solving approach is more strongly associated
with overall student achievement.

Key words: assessment design, higher education, problem-solving skills, project-
based assessment, continuous assessment, student achievement, educational evalua-
tion, correlation analysis, mathematics education, learning outcomes
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Directed Sequential Arrangements of Families of Circles

ToMmISLAV DoSLIC
University of Zagreb Faculty of Civil Engineering, Zagreb, Croatia
e-mail: doslic@grad.hr

BISERKA KOLAREC
University of Zagreb Faculty of Agriculture, Zagreb, Croatia
e-mail: bkudelic@agr.hr

MARINA NINCEVIC
University of Zagreb Faculty of Agriculture, Zagreb, Croatia

e-mail: mnincevic@Qagr.hr

We study sequential arrangements of families of circles in the plane. The sequence
(S, rn)n starts with two intersecting circles, (So,ro) and (S1,71), and continues by
consistently selecting one intersection point as the centre of the next circle. We set
the circle curvatures as r, = é, for various number sequences (ay), and analyse
the positions of the sequence of circle centres. For certain sequences, the respective
centres (Sop,), and (S2,41)n are collinear and converge, and we provide explicit
formulas for the coordinates of the limiting centre. This occurs in the case of orthog-
onal circles. In other cases, the centres of the even- and odd-indexed circles are not
collinear. Instead, each subsequent centre is positioned at a specific angle of deflec-
tion, and we track the change in the positions of the centres by measuring this angle.

Key words: arrangements of circles, orthogonal circles, limit centre, angle of
deflection

MSC 2020: 05B40, 51M04, 52C15
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On Translation Curves in Sol?

ZLATKO ERJAVEC
University of Zagreb Faculty of Organization and Informatics, Varazdin, Croatia

e-mail: zlatko.erjavec@foi.unizg.hr

A translation curve in a Thurston space is a curve such that for given unit vector at the
origin, translation of this vector is tangent to the curve in every point of the curve. In most
Thurston spaces translation curves coincide with geodesic lines. However, this does not hold
for Thurston spaces equipped with twisted product. In these spaces translation curves seem
more intuitive and simpler than geodesics.

4

m,n

We present translation curves in 4-dimensional Thurston space Sol and we explore

its curvature properties.
Key words: Thurston geometry, Solfnm space, translation curve
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Involute and Evolute of Null Curve in 4-Dimensional
Lorentz-Minkowski Space
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LJILJANA PRIMORAC GAJCIC
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Involutes and evolutes of curves in Euclidean plane were first introduced by Huygens in
1670s, in connection to his work with pendular motion and the isochronous pendulum [1].
The definitions of involutes and evolutes, used in this presentation, are inspired by the
analogous definitions for the 4-dimensional Euclidean case [2]. Let c: I — R} be a (regular)
curve in R}.

1. An involute i: I — R} of a curve c is a curve that orthogonally intersects all tangents
of the curve ¢ at the corresponding points.

2. An evolute e: I — R} of a curve c is a curve such that ¢ is an involute of e.

In the 4-dimensional Lorentz-Minkowski space, the involute and evolute curves of a
spacelike curve with non-null normals have been investigated in [6, 7]. Involute and an
evolving involute of order k of a null Cartan curve in n-dimensional Minkowski space
have been investigated in [3]. In [5] we analyzed involutes of pseudo-null curves in
3-dimensional Lorentz-Minkowski space. Further in [4] we provide a complete classifica-
tion of involutes and evolutes in the 4-dimensional Lorentz-Minkowski space based on
the causal character of the initial curves: Frenet-type, pseudo-null, and partially null
curves. We continued our research and investigated properties of involute and evolute
of null curve in 4-dimensional Lorentz-Minkowski space and that results are to be presented.

Key words: evolute, involute, null curve, Lorentz-Minkowski space
MSC 2020: 53A10, 53B30
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One Geometry, Three Regimes:
The Hyperbolic Continuation of Keplerian Conics

GEORG GLAESER
University of Applied Arts Vienna, Vienna, Austria
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Previous work revealed a remarkable geometric structure underlying families of elliptic and
parabolic Keplerian conics through a fixed point P with common focus Fj. In the present
contribution we show that this structure extends naturally beyond escape velocity and gives
rise to a corresponding family of hyperbolic flyby trajectories.

Figure 1(a) illustrates the three regimes. For a prescribed velocity direction at P, the
elliptic, parabolic, and hyperbolic cases arise as members of a single geometric framework.
In all three situations the second focus F5 lies on the same reflected ray determined by the
tangent t at P. In the parabolic limit, F> becomes an ideal point.

A particularly simple construction is obtained by prescribing the semimajor axis a; see
Figure 1(b). In the elliptic regime one has PFy = 2a — d, whereas in the hyperbolic regime
PFy, = 2|a| + d, where d = F1P. Consequently, the second focus Fy moves on a circle
centered at P. The centers of the conics lie on a second circle, and the family possesses a
common envelope. Remarkably, this envelope is an ellipse with foci F; and P in both the
elliptic and hyperbolic regimes.

We further investigate polar transformations of the flyby family. Polarization with re-
spect to a circle centered at F; transforms the hyperbolas into a family of circles, while the
common envelope ellipse is transformed into a circle as well. These constructions provide
geometric counterparts of the corresponding transformations previously obtained for elliptic
and parabolic families.

The results demonstrate that hyperbolic flyby trajectories do not constitute a separate
geometric situation. Rather, they arise as the natural continuation of the full family of
Keplerian conics and share the same underlying geometric structure.

Key words: Keplerian conics, flyby hyperbolas, envelope ellipse, vis-viva equation, polar
transformation
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(a) Three regimes of Keplerian conics  (b) Unified construction for prescribed
through P. semimajor axis a.

Figure 1: (a) Elliptic, parabolic, and hyperbolic Keplerian conics through the fixed
point P with common focus Fj. In all three cases the second focus Fj lies on the
same reflected ray; in the parabolic limit it becomes an ideal point.

(b) Construction of the family for prescribed semimajor axis a. In the elliptic regime
PF, = 2a — d, whereas in the hyperbolic regime PFy = 2|a| + d. Consequently, the
second focus moves on a circle centered at P.
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Smooth Ride - Bicycle Track Design by Free-form Curves
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Two closely related scenarios of bicycle wheel track design by free-form curves are inves-
tigated. In the first, the track of the bicycle front wheel is prescribed and the rear wheel
track is computed. For a rational Bézier front wheel track we write the “bicycle equation”
as a Riccati equation with rational coefficients. We describe a solution that produces rear
wheel tracks as piecewise rational Bézier/NURBS curves with guaranteed error bounds. We
also show that for Pythagorean-hodograph curve as front wheel track, several expressions
are further simplified.

In the second, complementary viewpoint the rear wheel track is prescribed and the
front wheel track is to be computed. It is proved that if the rear wheel track is given as a
PH curve, then the front wheel track can be described as an exact rational Bézier/NURBS
representation. It is also proved that the PH condition is genuinely special in this regard:
for any other standard polynomial, rational or even trigonometric spline curve type as rear
wheel track, the associated front wheel track cannot be represented exactly as a standard
CAD curve.

Key words: bicycle track design, PH curve, NURBS representation

Figure 1
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Near-Equilateral Recurrence of Rotating Points
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Let O be the origin point. Three points P;, i = 1, 2, 3 rotating around O at the same distance
with angular velocities w; have periods of rotation T; = 27 /w; and angular displacement
0(t) = tw; + w;,, with w;, being the initial position of point P;.

Consider the three hands of a clock as three points rotating on a circle, Fig. 1. An
ideal analog clock has periods Tj, = 720, T},, = 60 and T = 1 in minutes and is an example
of a periodical system, the whole configuration returning to the initial position every 12
hours. To understand the periodicity and recurrence we consider two functions measuring
relative angular displacement for two pairs of points 6;1(t) = (w; — wi1)t,i = 2,3. The
question we are interested in is whether the points ever reach an equilateral configuration,
021 (t) = £120°, 031 (t) = £240°( mod 360°), and if they don’t what is the recurrence time
of a near-equilateral configuration given a predefined threshold € > 0. There is no exact
solution for a regular triangle formed by ideal clock hands.

Figute 1: Three hands of a clock in a near-equilateral formation

In Fig. 2 we see two Lissajous curves relating frequencies found in the clock; a) relative
motion of an ideal hour and minute hands, w; = 1 and ws = 1/12, where the 11 double
points represent the 11 recurrences of particular arrangement (displacement) of the two
hands in one orbital period, the most famous being their conjunction (in Croatian there is
a saying When the hands of a clock coincide, it means someone is thinking about you.) and
in part b) we see the relation of two angular displacements for the hour hand, 62 (¢) and
031(t), having the same number of double points, but this curves is showing quasiperiodic
behaviour, it never closes.
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a) b)

Figure 2: Lissajous curves {sin(wst),sin(wst)} for ¢ € [0, 12h]

Orbital resonance problems naturally arise in the study of planetary dynamics [1], as
well in kinematics, [2]. In this talk we are interested in simplified problems concerning
planar uniform rotation and principles of periodicity and quasiperiodicity of near-equilateral
formations for a finite number of points uniformly rotating around a fixed point. We will
also look at 'geocentric’ calculations, for instance we look at four points rotating around O
and search for near-equilateral conditions for three points on epitrochoid curves around the
fourth point, as if we are looking at regular triangular arrangements of three planets in the
night sky, Figure 3.

Figure 3: In 1974 Jupiter, Saturn and Uranus were in near-equilateral figuration around
Earth, [3].

Key words: uniform rotation, polygon, orbital period, epitrochoids
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Geometry for All: Removing Barriers for Students with Disabilities
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The increasing number of students with disabilities and learning difficulties at all levels of
education calls for a reconsideration of how geometry is taught and experienced. Although
inclusive education has become an important priority in contemporary educational systems,
geometry remains one of the most demanding areas of mathematics due to its strong depen-
dence on visual-spatial reasoning, abstract thinking, language comprehension, and complex
problem-solving processes.

Students with diverse learning needs often face significant barriers when learning geom-
etry, which may negatively affect their participation, confidence, and academic achievement.
At the same time, teachers and higher education instructors are increasingly challenged to
provide learning environments that accommodate a wide range of abilities, backgrounds,
and learning profiles.

This presentation will discuss current trends related to the growing diversity of learners
and examine the specific challenges associated with geometry education from primary school
to higher education. It will highlight the importance of accessible learning environments,
flexible teaching practices, and the potential of emerging digital technologies to support
equitable participation and improve learning outcomes.

The presentation aims to encourage discussion on how geometry education can evolve
to become more accessible, engaging, and inclusive, ensuring that all learners have the
opportunity to develop geometric thinking and participate fully in the learning process.

Key words: students with disabilities, higher education, geometry learning, learning
barriers, digital technologies
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Bézier Curves are not Smooth!

BoORIS ODEHNAL
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Bézier curves allow for polynomial or rational parametrizations which make them parts of
algebraic curves of genus 0. As such, a Bézier curve of degree d carries the maximal number
of simple singularities — or the delta invariants of all its singularities sum up to %(d —1)(d-2)
— that can occur on an algebraic curves of degree d. While the singularities on cubic Bézier
curves are simple ones (either a node or a cusp), the singularities on curves of degree d > 4
can be compound singularities, i.e., they can be limits of certain numbers of infinitely close
ordinary singularities.

Bs By /B4> B;
f O @ By, ©~—3 B3 ® A / S
By=B3 B, By=bB By=B1=Bs By=By B3 B; By By=Bs B

Figute 1: Five control polygons for Bézier curves that exhibit various singularities: (i) an
ordinary node and (ii) a cusp on cubic Bézier curves, (iii) a cusp of the third kind on a
quartic Bézier curve, (iv) a tacnode on a quartic Bézier curve, and (v) an osculation node
on a quintic Bézier curve.

In the interrior of the unit interval [0, 1] over which Bézier curves are defined
they are smooth. However, they lack global smoothness and an algebraic curve has
to exhibit singularities in order to be rational (of genus 0).

We shall demonstrate that an occasionally improper choice of the configuration
of control points can result in singularities of arbitrary complexity and curves with
any possible type of singularity can be modeled with a Bézier curve (cf. Fig. 2). The
presence of the polynomial (or rational) parametrization of genus zero curves in the
vicinity of singularities immediately yields local expansions in terms of power series
(not only formal power series like the Puiseux series).

We shall stroll through the garden of singularities, thereby not necessarily aiming
at a complete collection of possible combinations of singularities on Bézier curves
of degree up to 5. There is indeed a variety of 122 different types Bézier curves of
degree 5 if we only count all possible combinations of different types of singularities
on rational quintic Bézier curves, not distinguishing between real or complex images.
Some examples are shown in Fig.. 3.
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B, By=B; 1 B,

Figute 2: Properly and improperly chosen control points lead to Bézier curves with
singularities in any case: An Aj; or [2,6,2] singularity (left), an Ag or [2,5,2] to-
gether with an ordinary node A; or [2,1,2] (middle), and an A7 or [2, 4, 2] singularity
with two A; singularities occur on (rational) quintic Bézier curves with the given
control polygon.

From the viewpoint of Descriptive Geometry (in higher dimensional spaces), the
singularities can be created by applying a specific projection of a rational normal
curve onto the projective plane. This approach also clarifies why and which types
of singularities may occur on Bézier curves.

Key words: Bézier curve, compound singularity, parametrization, control structure
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Axial Extremal Configurations for Bicentric Pentagons
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We study the extrema of the area in a one-parameter Poncelet family of bicentric
pentagons. Let Cy be the circumcircle with centre O and radius R, and let C7 be
the incircle with centre I, radius r, and centre distance d = OI. The parameters are
assumed to satisfy the Fuss relation for a bicentric pentagon, so Poncelet’s porism
gives a family of pentagons inscribed in C and tangent to C. Using the half-angle
parametrization of Cy, the problem is reduced to a one-variable area function Jp(t1)
on a fixed convex branch B.

Two axial configurations play the central role. In one of them a vertex lies at
(R,0), and in the other a vertex lies at (—R,0). We denote the corresponding area
values by Pr and Py.

e

Lol

Figure 1: The two axial configurations for the numerical example R =1 and d =
Left: the configuration with area value Pr. Right: the configuration with area val
Pg.

For these two configurations one obtains the explicit formulas

pR:r<3§jj¢m+z¢m),

o

and

R+d

The main result is that, on the chosen non-degenerate convex branch,

pL:r<3R‘d¢m+wm).

Pr < Pp,

and that these two axial levels exhaust the extremal values. Hence the minimum
of the area is attained on the axial orbit containing the vertex (R,0), while the
maximum is attained on the axial orbit containing the vertex (—R,0).
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The proof combines a reflection argument, symbolic elimination, and an elliptic-
curve interpretation of the complex Poncelet correspondence. Reflection shows that
every axial-vertex configuration is stationary, while elimination gives the correspond-
ing projective axial factor. To exclude non-axial critical points, the oriented area is
lifted to a meromorphic function 7 on the elliptic normalization E of the tangency
correspondence. A local calculation gives

deg Pole(dJ) < 20.

The reflection-reversal involutions show that the pull-back of the axial divisor is
contained in the zero divisor of dJ; this pull-back also has degree 20. Therefore all
zeros of dJ are axial, and no non-axial critical points occur on the chosen convex
branch.

This gives a complete description of the extremal area behaviour for the selected
bicentric Poncelet family of pentagons and illustrates how classical Poncelet
geometry can be combined with explicit algebraic and elliptic-curve methods.

Key words: bicentric polygon, Poncelet porism, area, Fuss relation, pentagon
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Computable Closedness of Incidence Relations in Effective
Topological Geometry
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Classical incidence geometry studies relations such as point-line incidence, collinear-
ity and concurrence. We ask when such closed incidence relations are effectively avail-
able, in the sense that both positive and negative finite information can be obtained
from a given effective basis. The background comes from computable topology and
computable analysis, where closed sets are studied through c.e. closedness, co-c.e.
closedness and computable closedness [2, 1, 9, 8]. Related results show that topolog-
ical assumptions can turn semicomputable or co-c.e. information into computability
[6, 7, 5]. We apply this viewpoint to topological incidence structures whose spaces
and incidence relations carry computable finite-information data.

Let X = (X, Tx, (li)ien) and L = (L, Tz, (J;)jen) be computable topological
spaces, interpreted as the spaces of points and lines. A computable incidence space

is a triple
X =(X,L,0n),
where On C X x L is the primitive point-line incidence relation, assumed computable
closed in the product computable topological space X x L. For n > 2, define
Inc, = {(x1,...,2p,¢) € X" X L: (x,¢) € On for all k},
and
Col, = {(z1,...,2p) € X" : I € L, (x1,...,2p,¢) € Inc,}.
Thus
Col,, = mxn(Incy,).

The difficulty is that collinearity is obtained by projection, i.e. by an existential
quantifier over the line space.

Main theorem. LetY be a computable topological space and let L be an effectively
compact computable topological space. If A CY x L is computable closed in 'Y x L,
then my (A) CY is computable closed inY .

The proof is an effective version of the tube lemma: the positive information is
preserved by product neighborhoods, while effective compactness of L makes the
negative part of the projection effective.

It follows from this theorem that if Inc,, € X™ x L is computable closed in X" x L,
and if L is effectively compact, then the derived collinearity relation

Col,, C X™

is computable closed in X™. Hence all finite collinearity relations are computable
closed whenever the corresponding finite incidence relations are computable closed
and the line space is effectively compact.
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In the real projective plane, one may take X = RP? and L = (RP?)*. The
point-line incidence relation is

I=A{(zx,l) e X x L:x €},

and
Cols = 7TX3{(.T1,.T2,1’3,£) 1 T1,T2,x3 € f}

Thus the theorem gives a finite-information criterion for effective collinearity. For
example, classical incidence theorems, such as Menelaus’ theorem and Ceva’s
theorem, give explicit coordinate descriptions of such conditions [3]. Thus com-
putable closed incidence relations provide positive and negative certificates for
geometric constraints, a viewpoint related to certified geometric computation [4]
and potentially useful for future geometry-aware machine learning.

Key words: computable topological space, incidence geometry, computable closed
sets, collinearity, projective geometry, effective compactness, Menelaus’ theorem
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Ruled Surfaces of Cube Gears

LukAS ROSE
University of Applied Arts, Department of Geometry, Vienna, Austria

lukas.rose@uni-ak.ac.at

Boris ODEHNAL
University of Applied Arts, Department of Geometry, Vienna, Austria

boris.odehnal@uni-ak.ac.at

We choose a tetrahedron within a cube and rotate the corresponding vertex stars.
Those vertex stars rotate with the same speed about the space diagonals of the
cube. We investigate the orbits of intersection lines of neighbouring faces. In order
to describe these surfaces analytically, we employ Rodrigues’ rotation formula to
obtain explicit parametrizations of the rotating edges and faces. Via Weierstrass
substitution, we convert the trigonometric parametrizations into rational forms,
enabling a determination of implicit equations. Thus, we obtain the equations of
ruled surfaces swept by certain edges in the course of the motion. These ruled
surfaces are algebraic and of degree three and four. The double curve of the quartic
ruled surface consists of an ellipse and an intersecting straight line. The cubic and
the quartic ruled surfaces are contained in hyperbolic linear line congruences. We
further examine algebraic and geometric properties of these surfaces, i.e., their
behavior at infinity, their double curves. The results illustrate how rotational
symmetries of a polyhedral framework give rise to intricate algebraic surfaces.
In particular, we show that for a certain instant of the rotation, the rotating
edges together with the intersection lines of adjacent faces is congruent to the
edge-skeleton of a deltoidal dodecahedron.

Key words: cube kinematic, ruled surfaces
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Figure 1: 3d printed cube gears

e

Figure 2: Deltoidal dodecahedron, with the vertices and edges of the rotated starting
cube in blue and the intersection points and lines of the rotated faces in red
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The eight Thurston geometries are one of the more significant areas of modern
mathematics and the question of sphere coverings and sphere packings has a special
importance in crystallography, since atoms can be modeled with spheres. Thus these
questions represent important research directions in all eight mentioned geometries.

The classification of the lattices of the Sol space was done in the work [2]; an im-
portant type among these are the so-called fundamental lattices. The investigation
of translation sphere packings belonging to them was done in the work [4], which
we aimed to continue and extend in our work, [3].

We investigated the lattice-like coverings of the Sol space connected to its fun-
damental lattices both with congruent translation spheres and with a new type of
cylinder of the Sol space, also defined by us. To do this, among other things, we
studied the convexity of the translation spheres in the Euclidean sense, in order to
guarantee the covering. We proved that a translation sphere in the Sol space is
convex in the Euclidean sense if its radius r» < g

We introduced the covering density of each covering and gave an upper bound to
them using the radius and volume of the sphere circumscribing a given translation
tetrahedron, as well as the volume of the cylinder.

We also examined the same type of cylinder packings and their density for fun-
damental lattices and even gave a general upper bound density of cylinder packings
without any symmetry assumption.

In our work, we use the unified projective model of Thurston geometries (see
[1], [5]) to visualize the Sol geometry and to calculations.

Key words: Thurston geometries, Sol geometry, translation-like bisector surface
of two points, circumscribed sphere of Sol tetrahedron and its convexity, Dirichlet-
Voronoi cell
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Figure 1: Locally optimal lattice-like translation ball covering of a fundamental
lattice with density AS a2 6.47048.
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On Congruent Tetrahedra with Crossing Edges
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Two congruent regular tetrahedra 77 and 72 forming a Stella Octangula allow a
continuous motion of 75 relative to 7; such that each edge of 75 slides along an
edge of 71. Recently, E. Makai and T. Tarnai [1] and G. Weiss proved that the
same property holds for congruent tetrahedra 77, 7o of much more general shape.
In [2] one- and even two-parametric relative motions of this type were disclosed.
In each position, there exists a reflection in a point, line or plane that sends 77 to
T2. It remained open whether these are the only possible relative motions 73/7; of
congruent tetrahedra (note [1], Problem 1). The goal of this lecture is to close this

gap.

Key words: tetrahedron, Stella Octangula, Euclidean motion

MSC 2020: 51N20, 52C25

Figure 1: Two congruent regular tetrahedra 71, T2 with crossing edges, i.e., with six
edge-contacts. The intersection of the solids is a convex octahedron O, their convex
hull is the cuboid H, i.e., a hexahedron with six quadrangular faces.
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Thinking First, Prompting Second — A Complex AI System for
Problem-Solving Support
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One of the most pressing tasks facing education and educational institutions is to
develop a pedagogically grounded response to the growing presence of artificial in-
telligence, to integrate it into teaching and learning in a meaningful and beneficial
way, and to address the risks arising from its uncontrolled or merely execution-
oriented use. A central challenge in the educational use of general-purpose language
models is that Al frequently functions as a direct executor. Rather than fostering
meaningful dialogue or eliciting student reasoning, it often generates complete solu-
tions without additional clarification. Such output cannot, by itself, be regarded as
the student’s own independent problem-solving outcome and does not facilitate the
development of solution strategies, the identification of subproblems, or the under-
standing of domain-specific decisions. Over-reliance on Al-generated solutions may
reduce students’ active cognitive engagement and adversely affect critical thinking,
analytical reasoning, and independent decision-making [5, 1]. Additionally, gener-
ated responses may not correspond to the student’s prior knowledge, course require-
ments, or the pedagogical objectives of the task [3]. As a result, mathematically or
technically correct solutions may still be unnecessarily complex from an educational
standpoint, difficult to interpret, or reliant on concepts not yet introduced.

To address these challenges, this work presents the development and current
prototype of a multi-component Al system designed to provide structured guidance
throughout the problem-solving process rather than supplanting student effort. Re-
lated approaches use knowledge tracing and turn-by-turn verification to guide stu-
dents through coding tasks [2], as well as pedagogy-guided agents that determine
when and how instructional feedback should be provided [4]. Our system comprises
two closely integrated Al components with distinct functions. One component ex-
ecutes individual subtasks, including calculations, technical implementations, and
the generation of intermediate results. The other manages communication with
the student, interprets and refines requests, and guides the problem-solving process
through targeted questions and feedback. It forwards well-specified subtasks to the
execution-oriented component and directs its operation.

Within this framework, three principal actors interact: the instructor, the stu-
dent, and the AI system. The instructor defines the task, specifies the permitted
knowledge space, and identifies the subject-specific aspects and subproblems that
the student is expected to address. The student interprets and decomposes the prob-
lem, formulates explicit instructions for the AI, and evaluates, verifies, and, when
necessary, modifies the results. The Al system assesses student prompts in terms of
completeness, clarity, alignment with the defined knowledge space, and coverage of
the required aspects, thereby supporting subsequent stages of the problem-solving
process.
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The presentation introduces the system’s architecture, operational logic, and

pedagogical foundations. Although the system is not discipline-specific, the discus-
sion concludes with examples from secondary-school geometry to illustrate how its
current version supports task structuring, guides student reasoning, and generates
partial solutions aligned with the intended level of mathematical knowledge.

Key words: Al-assisted learning, problem solving, mathematics education, geom-
etry education

MSC 2020: 97D50, 97U50, 68T50
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Conoids in 4D

DANIELA VELICHOVA
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Conoids are amazig surfaces forming quite considerable part of classical geometric
studies with relevant practical applications. Wonderfull synthetic constructions have
been discovered for manual drawings of various types of conoids, based on geomet-
ric relations of these non-developable ruled surfaces. One of the most fascinating
examples of this surface family are, with no doubts, Pliicker and Kiipper conoids.
Line constructions of these surfaces are hopefully still well-known and taught at the
faculties of architecture and civil engineering. In mathematics, these two surfaces
are recognized as parts of graphs of special rational functions with two variables.

Although almost everything had been already discovered about conoids, there
exist another and unexpected definitions of these surfaces. Conoids might be
generated as products of Minkowski point set operations of line segments and
circles positioned to different planes in 4-dimensional space. We will present these
constructions and illustrate 3D images of generated 4D conoids in double orthogonal
projection and 4D perspective. Particular case of a special conoid generated in this
way is illustrated in the Figure 1.

Key words: conoids, Minkowski operations in 4D
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Figure 1: Conoid from 4D
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Three Points and their Place of Action —
Still a Matter of Attraction

GUNTER WEISS
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To three points in a Euclidean plane there exist thousands of “triangle centers”
and curves collected in C. Kimberling’s famous “Encyclopedia of Triangle Centers”.
Obviously, many of the constructions of such triangle centers can be modified
for classical Cayley-Klein geometries, too. Here we start with a more general
viewpoint: We consider three basic elements in ring geometries, focusing on Mo6bius
and Laguerre Geometry and their model spaces. Similarly, one can start with three
skew lines of the real 3-dimensional projective space and map them to three points
of the so-called Klein quadric in a projective 5-space. Three Euclidean motions
also will occur as three points on the hyperquadric model of the set of motions.
In all these cases, the geodesics connecting pairs of points in the model spaces are
straight lines, such that one in fact deals with a classical triangle/trilateral in the
model spaces. Finally, the triangle centers and objects connected with the triangle
in the model space should be interpreted in the original set of objects.

Key words: triangle geometry, Mobius geometry, Laguerre geometry, projective
space
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Practical Considerations for Optimal Transport based Shape
Morphing in Blender

LEONARD WEYDEMANN
University of Applied Arts Vienna, Department of Geometry, Vienna, Austria

e-mail: leonard.weydemann@uni-ak.ac.at

We present a Blender add-on that integrates optimal transport (OT) methods
for 3D Shape interpolation. Building on prior research, we implement an optimal
transport solution within the Blender Python scripting environment. Particular
consideration is given to the practicability of this approach to real life problems.
As demonstrated in prior work, OT is effective for interpolating between 3D shapes
by creating a Wasserstein barycenter between two point clouds. Our implementa-
tion leverages this ability to handle meshes with differing vertex counts to perform
interpolation-driven repair and morphing. Implemented within Blender’s scripting
environment we present a production-ready plugin and evaluate practical concerns,
such as: computational cost and execution time, parameter tuning and usability,
compatibility with existing Blender pipelines (e.g., remeshing and retexturing), and
texture reprojection.

We validate the approach through a set of real-world case studies, assessing perfor-
mance, integration quality, and the add-on’s utility for common mesh-processing
workflows.

Key words: Optimal Transport, Wasserstein barycenter, Blender, computational
geometry, Python scripting, customizable software, Open Source Software
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Figure 1: This figure shows the Wasserstein barycenter of the Max Planck and
Nefertiti scan (center). The result is triangulated via the Ball pivot algorithm. For
scan sources please refer to: [2].
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Geometric Bliss Beyond the Circle Kiss
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University of Split, Faculty of Civil Engineering, Architecture and Geodesy, Split, Croatia
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NEDA LOVRICEVIC
University of Split, Faculty of Civil Engineering, Architecture and Geodesy, Split, Croatia

e-mail: neda.lovricevic@Qgradst.hr

Reading the poem The Kiss Precise by the English Nobel laureate Frederick Soddy,
we notice an unusual intertwining of mathematical concepts and poetry. And indeed,
hidden within the poem is an entire theorem about a trio of mutually tangent circles
(or “kissing circles”), which is itself connected to the famous problem posed by the
ancient Greek “great geometer” Apollonius of Perga:

“To construct all circles in a plane that are tangent to three given circles.”

By carefully reading the stanzas of Soddy’s poem, we decipher their true meaning.
Key words: circle, Apollonius’ problem
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Take it, Invert it, Solve it and Bring it Back
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University of Zagreb Faculty of Architecture, Zagreb, Croatia

e-mail: gorana.aras-gazic@arhitekt.unizg.hr
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Many challenging geometric problems become surprisingly simple when viewed
through the lens of inversion: take the figure, invert it, solve the easier problem,
and bring the solution back to the original setting. This poster introduces the
method of inversion, its fundamental properties, and its advantages in geometry.
We discuss several classical results in which inversion plays a central role, including
the theorems of Miquel, Ptolemy and Feuerbach. Finally, we present the analytical
formulation of inversion in Cartesian coordinates and illustrate how it can be used
to transform and solve geometric problems. From an educational perspective,
inversion is highly valuable in high school mathematics competitions, where it
enables elegant solutions to difficult problems, and at the university level, where it
strengthens geometric intuition and links classical geometry with modern analytic
approaches.
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Algebraic Surfaces in Civil Engineering and Architecture
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Algebraic surfaces are fundamental geometric objects defined as the zero sets of
polynomial equations in three variables. Their geometric properties, including order,
class, and degree, provide a mathematical framework for describing and analysing
complex three-dimensional forms. Among these surfaces, ruled quadrics are of par-
ticular interest because they combine rich geometric structure with practical appli-
cability.

This poster presents the basic classification of algebraic surfaces and highlights
the role of ruled surfaces in civil engineering and architecture [1]. Through selected
examples, including hyperboloids, hyperbolic paraboloids, and conical surfaces,
it demonstrates how geometric properties influence structural behaviour and
enable the design of efficient lightweight structures. The transition from classical
geometric constructions to modern computational and parametric design illus-
trates the continuing importance of algebraic geometry in contemporary engineering.

Key words: algebaraic surfaces
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Figure 1
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Geometric Characterisation of Recycled Crushed Brick
Aggregate in Sustainable Concrete
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The development of sustainable building materials with recycled components requires
an interdisciplinary approach that combines materials engineering with geometric anal-
ysis of material structure. Within the IMASTEM project, concrete is being investigated
to reduce construction waste and create more sustainable materials. Particular atten-
tion is given to aggregate, a key constituent of concrete that significantly influences its
strength, stiffness, and mechanical behaviour under loading. As aggregates constitute
the largest volume fraction of concrete, their geometry and macroscopic composition
directly affect the material’s properties.

This paper analyses the geometric characteristics of recycled crushed brick aggregate,
including particle shape, size distribution, porosity, and spatial relationships within
the cement matrix. Aggregate geometry influences the compactness of the concrete
mixture, interfacial bonding, and stress distribution, while its macroscopic composition
affects the material’s mechanical performance and durability. The microstructure of the
composites is further examined using microscopy, enabling a more detailed analysis of
pore distribution, the interaction between the cement matrix and recycled aggregate,
and the influence of particle geometry on the material structure. Microscopic imaging
also provides quantitative information on pore morphology and the spatial distribution
of aggregate particles, supporting the geometric characterisation of the composite at
the microscale.

The research shows that a properly selected granulometric composition and a reduced
proportion of poorly shaped particles can significantly improve the properties of
cement composites containing recycled materials. The study highlights the crucial role
of geometric concepts in understanding and optimising sustainable composites, and
demonstrates the benefits of interdisciplinary integration between geometry, materials
science, and modern STEM fields.

Key words: recycled crushed brick aggregate, sustainable concrete, geometric charac-
terisation, granulometric composition, microstructure
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Inversion on the Cyclic Quadrangle in the Isotropic Plane
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In this talk, we present additional properties of the geometry of the cyclic quad-
rangle in the isotropic plane. The focus of our study is on its diagonal quadrangle
and its nine-point conic. We prove that the nine-point conic of the quadrangle
is a special hyperbola with the center in the centroid of the quadrangle. Next,
we define the inversion with respect to the circumcircle of the quadrangle and
the absolute point as the pole. It is shown that the nine-point conic of the
quadrangle is mapped onto a 3-circular cubic, and that the Euler circle of the
diagonal triangle is the inverse image of the circumcircle of the diagonal triangle.
Moreover, we obtain the following result: a unique cubic passing through the
vertices of the quadrangle is invariant under defined inversion. It is 2-circular cubic
and passes through the vertices of the diagonal triangle and its pedal triangle as well.

Key words: isotropic plane, cyclic quadrangle, diagonal triangle, inversion
MSC 2020: 51N25
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Figure 1: Cyclic quadrangle with its diagonal triangle and cubic curve invariant
under defined inversion
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